We consider an infinite plate being withdrawn (at an angle α to the horizontal, with a constant velocity U ) from an infinite pool of viscous liquid. Assuming that the effects of inertia and surface tension are weak, Derjaguin (C. R. Dokl. Acad. Sci. URSS, vol. 39, 1943, p. 13.) conjectured that the 'load' l, i.e. the thickness of the liquid film clinging to the plate, is l = (μU/ρg sin α) 1/2 , where ρ and μ are the liquid's density and viscosity, and g is the acceleration due to gravity.
Introduction
Many industrial coating processes can be modelled by a simple setting where an infinite sloping plate is withdrawn from an infinite pool of viscous liquid (see figure 1a ). Given that the plate's speed is constant and, eventually, a steady state is established, one usually needs to know the so-called load, i.e. the thickness of the liquid film that the plate carries away from the pool.
This classical problem was originally formulated by Derjaguin in 1943 , who conjectured that, if surface tension is negligible and the plate is being withdrawn slowly (hence, the effect of inertia is weak), the load l is
where ρ and μ are the liquid density and dynamic viscosity, U is the plate speed, α is the angle between the plate and the horizontal, and g is the acceleration due to gravity. In 1945, Derjaguin supported his conjecture by a quantitative argument; formula (1.1) has also been verified experimentally (Derjaguin & Titievskaya 1945) and numerically (Jin, Acrivos & Münch 2005) . Note, however, that Derjaguin's (1945) argument supporting formula (1.1) was more intuitive than rigorous (see a discussion in Appendix A), and it left several important issues unresolved. First, one can show that the problem admits infinitely many steady solutions, all corresponding to different loads -and it is unclear why the observed value, (1.1), is 'selected' among all the others. Secondly, since formula (1.1) does not have a rigorous mathematical foundation, it is difficult to establish its physical limitations. In this work, we shall remedy the above shortcomings. We shall demonstrate that the observed steady state (and, hence, the load) is, paradoxically, determined by the unsteady part of the film adjacent to its 'tip' (no matter how far that has moved away). Furthermore, it will be shown that the film's thickness is close to the load only near the pool's edge, while most of the region between the pool and film's tip is unsteady. As a result, the load (being a steady-state characteristic) is not representative of the mean thickness of the film drawn from the pool -but differs from it by an order-one factor. Finally, formula (1.1) will be shown to hold only for moderate values of the plate's slope.
The paper has the following structure: in § 2, the problem is formulated mathematically; in § 3, we examine the case where the plate's slope is small; and, in § 4, the general case is tackled.
Formulation of the problem
Let the x * -axis of the (x * , y * ) coordinate system (asterisks indicate that the corresponding variables are dimensional) be directed along the plate and downwardssee figure 1(a). We shall also introduce the (similarly oriented) velocities (u * , v * ), the pressure p * , the film's thickness h * , and the time t * . 2.1. The limit of zero surface tension Following Derjaguin (1945) , we shall assume that inertia and surface tension are negligible, in which case the flow is governed by the Stokes equations,
The no-slip and no-flow conditions at the plate are
The kinematic condition at the liquid's surface can be written in a form reflecting mass conservation, 4) whereas the dynamic condition is
where
are the stress tensor and a (not necessarily unit) normal to the liquid's surface. Note that our setting involves a 'contact point', separating the dry and wet parts of the plate -which, generally speaking, requires a certain boundary condition (see Dussan V. 1979; Shikhmurzaev 2006 , and references therein). As a result, a boundary layer occurs near the contact point. The width of this layer, however, is extremely small, and all of the previous researchers dealing with the drag-out problem neglected its effect.
Accordingly, we shall assume that the effect of 'dewetting' is negligible and the contact point moves together with the plate-which corresponds to the following boundary condition:
At large distances from the edge of the pool, the pool's surface is unperturbed, i.e.
The boundary-value problem (2.1)-(2.8) determines the flow in the domain −Ut * < x * < +∞, 0 < y * < h * .
Next we introduce the following non-dimensional variables:
where l is defined by (1.1) and ε = tan α (the use of symbol ε does not necessarily imply that tan α 1). Substituting (2.9)-(2.10) into the Stokes set (2.1)-(2.8), we obtain
14)
18) In what follows, equations (2.11)-(2.18) will be used when the plate's slope is orderone. If, however, it is small, ε 1, one can take advantage of the lubrication approximation.
Following the usual routine of lubrication analysis, one can treat (2.11)-(2.15) as a boundary-value problem for u, v, and p and express them as expansions in ε 2 , e.g.
Substituting this equality into (2.16) and omitting the O(ε 2 ) terms, we obtain ∂h ∂t
Note that the first term in the brackets corresponds to entrainment of the liquid by the plate's motion, the second term describes the effect of gravity, and the last one the hydrostatic pressure gradient due to variations of the film's thickness. Similar equations have been derived, for similar problems, by Moriarty, Schwartz & Tuck (1991) , Bertozzi & Brenner (1997) , and Kalliadasis, Bielarz & Homsy (2000) . Finally, the asymptotic equivalents of the boundary conditions (2.17)-(2.18) are
The boundary-value problem (2.20)-(2.22) is illustrated in figure 1(b).
2.2. The effect of surface tension As mentioned before, this paper is concerned with the limit of negligible surface tension, but it is still instructive to briefly discuss the capillary-modified version of equation (2.20). Its derivation is very similar to that of (2.20), resulting in
is the non-dimensional parameter characterizing the importance of capillary effects (σ is the surface tension, recall also that μ is the viscosity and U , the plate's velocity). To illustrate expression (2.23), let the liquid under consideration be glycerine at 20
• C, for which
Then, for a moderately small angle α = 1 9 π, and a velocity U = 0.1m s −1 , formula (2.23) yields γ ≈ 0.043 -which can be safely regarded as a small parameter. Furthermore, with the exception of mercury, surface tensions of common liquids range within 0.02 − 0.08 N m −1 , whereas the corresponding viscosities may differ by up to two orders of magnitude. The viscosity of industrial polymers, for example, often reaches 40 kg s −1 m −1 , while that of liquid foods -such as ketchup, mustard, or peanut butterranges from 50 to 250 kg s −1 m −1 . Thus, in many applications, γ is very small and capillary effects are negligible.
The small-slope limit
It appears obvious (and will be verified later) that, even though a steady state emerges near the edge of the pool, the film's 'tip' always remains non-steady. At large times (t 1), the two regions become well separated and can be examined separatelysee § 3.1. Then, in § 3.2, the asymptotic results will be verified and complemented by direct simulation of the small-slope equation (2.20). where the constant of integration q is, physically, the non-dimensional flux of liquid carried by the plate. We shall also requirē
whereh 0 is the non-dimensional load, i.e. the thickness of the film carried by the plate infinitely far from the pool. Taking the limit x → −∞ in (3.1) and taking into account (3.2), we obtain
3) Finally, condition (2.22) (which matches the film to the pool) yields
Equation (3.1) is separable and, thus, boundary-value problem (3.1)-(3.4) can be readily solved (the actual solution is not presented here, as it is bulky -but several examples are shown in figure 2). Most importantly, solutions exist for allh 0 > 1, i.e. the steady-state problem leaves the load undetermined. The allowable range ofh 0 , however, can be reduced by analysing expression (2.19) for the liquid's velocity. Estimating its sign at y = h, one can see that, for h > √ 2, the film's top layers slide back towards the pool -which corresponds to a source of liquid located at minus-infinity and makes the solution irrelevant physically. Still, all values in the range 1 6h 0 6 √ 2 (3.5) appear to give rise to physically meaningful steady solutions. Only one of these, however, corresponds to the 'correct' (experimentally verified) formula (1.1) for the dimensional load.
We note that paradoxes resulting from multiple solutions can often be resolved by a stability analysis (which would usually show that all solutions, except one, are unstable). In the present case, however, all solutions corresponding to range (3.5) are stable (see Appendix B).
As it turns out, the 'correct' value of the loadh 0 can only be identified by studying the non-steady part of the film. Fortunately, that happens to be described by a relatively simple self-similar solution-which, however, does not necessarily match the steady solution near the pool. The only value ofh 0 for which the two solutions do match is the 'correct' one.
To find the solution describing the non-steady part of the film, let
where ξ = (x + t)t (3.7) (this substitution corresponds to a self-similar behaviour in the reference frame associated with the film's tip). Substitution of (3.6)-(3.7) into equation (2.20) yields
The condition at the tip of the film, (2.21), implies
We have found three distinct asymptotics of equation (3.8) compatible with the above boundary condition (and are reasonably sure that none has been missed):
as ξ → +0 (3.10) (in both cases, a is arbitrary) or
(a = 1). To distinguish between the three possible asymptotics, note that the evolutionary equation (2.20) preserves the slope at the film's tip (see Appendix C). Then, assuming that our solution originates from the initial condition where the pool's surface is unperturbed (hence, ∂h/∂x = 1), we conclude that the desired asymptotic is (3.10). Asymptotics (3.9) implies an infinite slope at ξ = 0, whereas (3.11) implies a finite one, but it still does not match the derivative of the initial condition.
At large ξ , in turn, equation (3.8) yields
where b and c are arbitrary. It can be verified, however, that the latter asymptotic cannot be matched to the steady solutionh(x) near the pool and, thus, is irrelevant to the problem at hand. To match the remaining asymptotic, (3.12), toh(x), assume that x is far from the pool, but not too close to the film's tip, 1 −x t (3.13) (which, obviously, implies that t 1). Then, in solution (3.6)-(3.7), we can replace f with asymptotics (3.12) and obtain
(3.14) Figure 3 . The shape of the self-similar part of the film (i.e. the numerical solution of the boundary-value problem (3.8), (3.10), (3.12)). The dotted lines correspond to the asymptotics given by the first term of (3.10) and the first two terms of (3.12).
Next, recall that, in region (3.13), the steady solutionh(x) is close to its limiting valuē h 0 -hence, it can be matched to the limiting value (3.14) of the self-similar solution only ifh 0 = 1.
(3.15) Recalling how h (and, hence,h 0 ) were non-dimensionalized (see (2.9)-(2.10)), one can see that (3.15) agrees with formula (1.1) for the dimensional load l.
To complete our asymptotic results, we present the (implicit) solution of the steady problem (3.1)-(3.4) corresponding to the 'correct' valueh 0 = 1,
We shall also need the function f (ξ ) which describes the shape of the non-steady part of the film. To find it, we solved the boundary-value problem (3.8), (3.10), (3.12) numerically. Instead of zero and plus-infinity, the boundary conditions were set at a small and large values of ξ , with the corresponding values of f determined by the first term of asymptotic (3.10) and the first two terms of asymptotic (3.12), respectively. The resulting problem was solved through an iterative procedure based on Newton's method, and the solution is shown in figure 3 . Summarizing this subsection, we present the composite asymptotic solution,
whereh(x) is the steady solution emerging near the pool (given by (3.16)); f (ξ ) describes the shape of the film's non-steady upper part (determined by (3.8), (3.10), (3.12)); and the unity represents the common part of the two solutions. In the limit t → ∞, (3.17) holds for all values of x. 3.2. Simulation of the evolutionary equation (2.20) Since our asymptotic solution (3.17) is applicable only for large t, it cannot be traced back to t = 0. As a result, we cannot verify that it corresponds to the initial condition that we are interested in-the one corresponding to the pool's surface being unperturbed, i.e. h = x at t = 0. One can see that, at t = 10, the two solutions agree reasonably well; at t = 20, they are difficult to distinguish; and, for t > 30, virtually indistinguishable. In addition to the composite asymptotic solution, we show its 'components' (the steady and self-similar solutions) in figure 4(b) .
Observe that, even for the long-term evolution shown in figure 6(a), there seems to be no visible sectoin where the solution is horizontal, i.e. equal to the load. Moreover, the emerging steady state becomes 'visible' only if a small area near the pool's edge is enlarged (as in figure 6(b) ). The reason for this is that the steady-state region (with h approximately equal to the load) expands much slower than the non-steady region (with variable h)-hence, the portion of the plate occupied by the former is much smaller than that occupied by the latter.
This circumstance has crucial implications for the mean thickness of the film (which is the most important characteristic of the drag-out process). If the solution outside the pool were steady, the mean thickness would be equal to the load l, but, since the film is mainly unsteady and its thickness varies from l to 0, the mean is less than l. To calculate the mean thickness for t 1, one can approximate the profile of the self-similar solution, f (ξ ), by its large-distance asymptotics (3.12) (which is not valid only in a relatively small region adjacent to the film's tip). Thus, taking into account that the length of the film grows linearly with time, we obtain mean non-dimensional thickness = lim
Dimensionally, this implies that the film's mean thickness is 1.5 times smaller than the load given by formula (1.1).
Finally, we shall discuss what happens if the pool's surface is initially perturbed. In particular, let the initial condition have non-unit derivative at the pools's boundary, i.e. ∂h ∂x x=0 = 1 at t = 0.
Then, since the slope at the film's tip is conserved (see Appendix C), such initial conditions seem to be incompatible with our self-similar solution (3.6)-(3.7), (3.10) for which ∂h/∂x at the film's tip equals unity. The simplest option in this case appears to be replacing the boundary condition (3.10) with (3.11) which allows non-unit derivative at ξ = 0, i.e. at the film's tip. It turns out, however, that the resulting boundary-value problem, (3.8), (3.11)-(3.12), has no solution. (This is not a mathematical theorem but rather a conclusion based on numerical evidence.)
To resolve this issue, the small-slope equation (2.20) was simulated for various initial conditions with non-unit derivative at the film's tip. Typical results, computed for 
The case of finite slope
If the slope of the film's surface is not small, the Stokes equations (2.11)-(2.18) do not involve small parameters and can only be solved numerically. This task has been carried out originally by Jin et al. (2005) for a more general model including surface tension. In the present work, in turn, surface tension is neglected, as we need to verify our asymptotic results presented above.
The Stokes equations (2.11)-(2.18) were integrated using the Moving Mesh (ALE) and Incompressible Navier-Stokes modules of the COMSOL Multiphysics. The parameters were chosen in such a way that, in all runs, the Reynolds number was 10 −4 , so inertia was negligible. Starting from an appropriate initial condition, the problem was simulated until a steady state had been established everywhere in the computational region, after which the load could be measured. The results are shown in figure 8 .
One can see that the small-slope approximation works for fairly large angles, α . 35
• . Furthermore, its error in this range is 10 −3 , which is a great deal better than expected. Indeed, the small-slope equation (2.20) was derived by omitting O [(tan α) 2 ] and smaller terms from the Stokes set-hence, for α ≈ 35
• , the truncation error should be about (tan 35
• ) 2 ≈ 0.53. This discrepancy suggests that some (probably more than one) of the next-order corrections to the asymptotic loadh 0 cancel out, improving the effective accuracy of the leading-order formula.
Observe also the abrupt turn with which the numerical curve splits from its asymptotic counterpart at α ≈ 35
• . It appears that a pitchfork bifurcation occurs at this point: the 'old' solution loses stability and the system switches to a lower branch. Such an explanation implies that there exists another stable solution, corresponding to the upper branch (i.e. with a load higher than the observed one) -however, it has never appeared in our simulations.
To resolve the discrepancy, recall that the evolution begins from the initial condition with a zero load; as a result, the system cannot reach the high-load solution without passing through the low-load one. The latter, however, is a steady state, and, once it is reached, the system stops evolving and remains there indefinitely.
In other words, the high-load solution, if it exists, cannot be computed if the liquid is initially at rest and the pool's surface is unperturbed -nor can it be observed (for the same reason) in the 'real' world.
Summary and concluding remarks
We have examined the flow of a viscous liquid induced by an infinite sloping plate being withdrawn from an infinite pool. It was conjectured (Derjaguin 1943 ) that the load l, i.e. the thickness of the liquid film clinging to the plate, is given by formula (1.1). This conjecture, however, was not supported by a consistent calculation, and none has followed since 1943.
In the present paper, formula (1.1) for l is derived from the Stokes set under an additional assumption that the plate's slope is small, in which case a relatively simple asymptotic equation, (2.20), can be derived. It is shown that (2.20) has infinitely many steady solutions, all of which are stable, but only one of these corresponds to formula (1.1). This particular steady solution, (3.16), is then identified by matching it to a self-similar solution for the film's non-steady upper part (described by (3.6)-(3.7), (3.8), (3.10), (3.12)). The two asymptotic solutions are eventually combined as a composite solution, (3.17), which is applicable everywhere. It is demonstrated (by direct simulation of equation (2.20), see § 3.2) that the composite solution is an attractor and, thus, provides large-time asymptotics for a wide class of initial conditions.
It is also shown that, even though the region where the steady state has been established expands with time, the upper part of the film (with its thickness decreasing towards the tip) expands faster. As a result, the mean value of the film's thickness is 1.5 times smaller than the load.
We have also carried out direct simulations of the Stokes set and, thus, showed that the small-slope approximation is valid when the angle of the plate's slope is less than, approximately, 35
• . Remarkably, its accuracy within this range is about 10 −3 , which is exceptionally high.
Finally, it would be interesting to extend the present approach to capillary effects and compare the results with the extensive body of literature on steady drag-out flows with surface tension (Landau & Levich 1942; Wilson 1982, etc.) . This work was supported by the Science Foundation Ireland through the Mathematics Applications Consortium for Science and Industry (MACSI).
